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ABSTRACT

This modelling study aimed at assisting the design and optimal use of a hybrid High Pressure
Water-Jetting and percussive drilling (abbreviated as HPWJ-PD) system in which longitudinal
stress waves propagating in the drill string are used to provide power to a downhole pressure
intensifier.

A linear and a nonlinear model of a HPWJ-PD system were therefore established and applied.
Both models treat the drill bit, the hammer, and the drill string as a rod system and describe
the HPWJ intensifier as a mass-spring-damper (MSD) system. The linear model assumes a
fixed boundary condition at the bit-rock interface, a linear damping coefficient along the rod
system, and a linear damper inside the MSD. In contrast, the nonlinear model introduces a bi-
linear bit-rock interface law, two different damping effect models (the Herschel-Bulkley and
Casson models), and a nonlinear damper model obtained from the mechanism of the HPWJ
intensifier. Scaling analyses of the two models are carried out to identify the key influencing
parameters affecting the efficiency of energy harvesting. Results highlight the best
optimization potential by acting on the frequency of the harmonic excitation (to be close to the
natural frequency of the intensifier) and on the stiffness parameters of the bit-rock interface
(loading-unloading stiffnesses, and the BRI-rod stiffness ratio).
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CONTENT

1 Introduction

This deliverable 6.4 is addressing the dynamic response, at the macroscale level of the HPWJ-
PD system, where the Bit-Rock-Interaction (BRI) response is recognized as the main source
of nonlinearity and vibrations of the drilling structure.

Modelling developments were therefore done to enable a parametric study of the influence of
drilling operating parameters, BRI response, and typical design parameters of hammer-
intensifier system, on the longitudinal stress waves propagating in the drill string, which, in the
hybrid HPWJ-PD system is harvested to provide power to a pressure intensifier.

Drilling (field) data measurements of Down-The-Hole hammer (DTH) was provided by Drillstar
in 2021, which indicates small WOB and high frequency longitudinal frequencies that may lead
to insufficient energy to activate a vibrational intensifier to produce the targeted water jet
pressure of 150 MPa. In 2022, the applicability of the pressure intensifier was further
investigated in a modelling study carried out by UPC (see deliverable 5.2: “Report on
modelling, prediction and feasibility of the intensifier..”) which confirms that the WOB required
for an efficient use of the pressure intensifier is significantly higher (by a factor 10) to the WOB
conventionally used with DTH hammer. Pulse-shape and duration of vibration patterns were
also unfavourable. Consequently, alternative downhole intensifier solutions have been
prioritized (such as screw motor or electromagnetic valve control solutions) for the
development of a HPWJ-PD demonstrator during the Orchyd project period.

Nevertheless, the modelling activities in deliverable 6.4 were carried out in order to investigate
a wide range of parametric drilling configurations. This will allow a better understanding of the
limit of applicability of such pressure intensifier, while paving the way for a more appropriate
use where higher WOB can be applied, such as hybrid drilling technology combining rotary-
percussive and water jet drilling.

Two models were thus established and applied in this study. The first model of the HPWJ-PD
system is linear, as it simplifies the HPWJ module as a spring-mass-damping system
connected to the drill string and the bit is treated as fixed point. Due to its linear nature, the
response of this model to an harmonic force excitation can be calculated very efficiently using
the matrix transfer method. Despite its simplicity, the model can highlight the critical role of the
ratio of the loading frequency over the resonance frequency of the HPWJ module in harvesting
energy from the drill string vibrations. Another utility of this model is to provide a benchmark
for the semi-discretization method, which is used for computing the response of the nonlinear
model.

The nonlinear model HPWJ-PD system departs from the linear ones in three aspects. First,
the model of the HPWJ intensifier is modified by introducing a nonlinear damper to represent
the expulsion of fluid from the intensifier. With this model, the pressure of the fluid jetted by the
HPWJ can be estimated. Second, a bi-linear spring model is introduced to describe the bit-
rock interaction in a more realistic way. Finally, two rheological models of the mud, Herschel—
Bulkley and Casson, have been adopted to estimate the damping coefficient caused by the
drilling mud. The parametric analysis to assess the influence of the controlling numbers on the
response of the intensifier is reported, for each model, in the sections "simulation results".
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2 Linear Model

21 Mathematical Model

The linear model of the hybrid HPWJ-PD system is sketched in Figure 1, where a fixed
boundary condition is applied at the bit end and a damper is attached to the right end to
represent the impedance matching boundary condition. A harmonic force f(t) = Fysin(wgt) is
applied at the interface between the bit and hammer assembilies, and the intensifier system is
simplified as a mass-spring-damper (MSD) system attached to the rod with its distance from
the hammer-bit interface Lo.

Fy sin wgt

E!p’Alv Ll E;p:AZ:LZ E:p:A3: L3 {H

—..

TN
K e

Figure 1: Schematic diagram of the hammer excitation and pressure intensifier system.

The axial dynamics of the rod is governed by a one-dimensional damped wave equation

ou?(x,t)
at2

du(x,t) ou?(x,t)
the 5Tt a =0,

where u(x, t) represents the axial displacement of the rod at position x € [0, L] and time ¢, L is
the rod total length, ¢ = \/g is the axial wave velocity with E and p denoting, respectively, the

Young’s modulus and density of the rod material, k, characterizes the axial viscous damping
caused by the drilling mud.

According to Figure 1 the boundary conditions at x = 0 =and x = L are given by

u(0,t) = 0,
ou(L,t) ou(L,t) 3
EA; “ax =—C, uat , (3)
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where C,; is the damping value of the damper and impedance matching condition is applied
when C; = Aspc.
The concentrated force at x; = L, representing the bit-hammer interaction, is expressed as

. _pa - (4)
EA4 o EA, e N + Fysin(wgt),

where L, is the length of the first rod segment, A, (4,) are the cross-sectional area of the first
(second) rod segment, F, and w, are the amplitude and frequency of the harmonic excitation,
respectively. Similarly, the concentrated force at x; = L, + L, exerted by the MSD system to
the rod is given by:

5_u = 6_u — y _ du(xy,t) (5)
EA; - s = EAs— et ¥ K[U(t) — u(xy, t] + Cy [U(t) oule ]

where L, is the length of the second rod segment, A5 is the cross-sectional area of third rod
segment, K and C,, denote, respectively, the stiffness and damping of the MSD system, U(t)
is the axial displacement of the lumped mass M, and its motion is governed by an ordinary
differential equation (ODE)

ou(xy,t)

0] 4 KU — ulezt] = 0, (6)

MU +C,, [U(t) -

where the over-dot denotes derivative with respect to time. Note that displacement continuity
conditions need to be satisfied at x = x; and x = x,; they are given by

u(el, 0) = ulxt, £) = uCe, t), (7)

uxy,t) = u(xs, t) = u(xy, t), (8)

The system is initially at rest; hence the initial conditions are



ORCHYD D6.4 — Modelling of hammer drilling and vibrations response for use of intensifier downhole

ou(x,0)

=—=0, U(0) =0, U0) =0, ©)

u(0,t) = 0,

Since the lumped mass is connected to the rod element via the spring and damper, we obtain
a system of coupled partial differential equation (PDE) in (1) and ODE in (6). The set of coupled
PDE-ODE with boundary conditions (2) - (5) and zero initial conditions (9) represents a closed
system to simulate the dynamics of the advanced hammer-intensifier system.

To reduce the number of parameters in the coupled PDE-ODE system, the model was
reformulated in a dimensionless form see Annex A. The rod-MSD (reformulated) model was
first solved in the frequency domain using the transfer matrix method (with use of MATLAB),
which is commonly used to solve the dynamic responses of a linear system with force or
displacement input applied only at the system boundaries. The coupled system of PDE and
ODE, was afterwards solved in the time domain using the semi-discretization method, in which
the PDE is discretized into a system of ODEs numerically integrated using MATLAB.

2.2 Simulation Results

2.2.1 Comparison between Different Approaches

The values of dimensional and dimensionless parameters of the rod-intensifier system used in
the simulation are listed, respectively, in Table 1 and Table 2, which are served as the
benchmark values for parametric analysis. The time simulation results of the displacements at
¢ =1 and the lumped mass are presented in Figure 2, which show the harmonic variation of
the displacement with the same frequency as the excitation frequency. Impedance matching
boundary condition for {; = 59.27 is used in the simulations. A transient response can be seen
in the lumped mass displacement. However, the magnitude of the displacements in steady-
states are 12.57 um and 0,64 um for the rod at £ = 1 and lumped mass, respectively. The
magnitude of displacements obtained using the transfer matrix method for the rod at ¢ = 1 and
lumped mass is 12.57 ym and 0,64 um, which is exactly the same as those obtained in the
time domain simulation.

Parameter Values Unit Parameter Value Unit
K 2.6x10° N/s E 210 GPa
M 1000 kg P 8500  kg/m?®
Ch, 6000 Ns/m Fy 10000 N
ke 0.5 s 1 wo 407 rad/s
L4 6 m Ay 0.0226 m?
Lo 6 m A 0.0226  m?

L, 6 m As 0.0226 m?

Table 1: Benchmark values of dimensional parameters.
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Parameter Value Parameter Value
t. 0.062 s Cm 0.37
U. 3.79x 107° m Ca 59.27
K 17.13 Ca 0.031
Mo 7.79 61 0.33
15} 1015 & 0.67
(&3] 1 (&%) 1

Table 2: Benchmark values of dimensionless parameters.

: B

2.3 Influence of the Excitation Frequency

Since the simulation results using the transfer matrix and the finite difference method are the
same, the transfer matrix method is then used for parametric studies due to its computational
efficiency. The influence of the excitation frequency n, and the stiffness ratio § on the intensifier
displacement are shown in Figure 3 Figure 5. We can see from Figure 3a that the maximum
displacement is achieved when the excitation frequency is the same as the natural frequency
of the lumped mass. When the rod parameters remain unchanged, the variation of parameter

B= % reflects the change of the spring stiffness. We can thus infer from Figure 3b that

decreasing the spring stiffness increases the intensifier displacement.
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2.4 Conclusions of the Section

We have described a linear model of the hammer-intensifier system with a fixed boundary
condition applied at the bit end and a damper attached to the right end to represent the
impedance matching boundary condition. Furthermore, a harmonic force representing the
interaction between the bit and hammer assembly is applied at the rod and the intensifier
system simplified as a MSD system is attached to the rod. The dynamics of the rod is governed
by a PDE, while the dynamics of the lumped mass is governed by an ODE, which is coupled
with the PDE through the concentrated force associated to the MSD system. Scaling analysis
of the model is carried out to reduce the number of parameters. This model is solved in the
frequency domain using the transfer matrix method and in the time domain using the finite
difference method. The simulation results using both approaches agree well with each other.
On this basis, we studied the influence of the B and n on the axial displacement of the
intensifier. As expected, the intensifier displacement achieves maximum value at the resonant
frequency, but it decreases rapidly when the excitation frequency is larger than the resonant
frequency. Also, the intensifier displacement increases gradually with increasing 8, a number
reflecting the compliance of the intensifier spring.

3 Non-Linear Model

This section describes a non-linear model of the hybrid HPWJ-PD system. Three key
improvements have been made to the model presented in Sect. 2. First, a more detailed model
of the HPWJ intensifier is constructed. With this model, the pressure inside the HPWJ, a key
parameter determining whether the water jetted by the HPWJ can help break the rock, can be
estimated. Second a bi-linear spring model is introduced to describe the bit-rock interaction in
a more realistic way. Finally, two rheological models of the mud, Herschel-Bulkley and
Casson, have been adopted to estimate the damping coefficient caused by the drilling mud.

3.1 Mathematical Model

3.1.1 Overview of the Model

Following Sect. 2.1, the drill bit, the hammer, and the drill string in the advanced HPWJ-PD
model are modeled as three elastic rods, see Figure 4(a). A bi-linear spring representing the
bit-rock interaction law is attached to the bit end, see Figure 4(b). In contrast, the impedance
matching boundary condition is applied at the right end of the drill string, represented by a
damper. The interaction between the bit and the hammer is simplified as a harmonic excitation
Fysin(wyt) exerted at the interface between the bit and the hammer. Finally, the HPWJ
intensifier is simplified as a mass-spring-damper (MSD) system attached to the interface
between the hammer and the drill string. A nonlinear damper is introduced to represent the
expulsion of fluid from the pressure intensifier, see Figure 4(c).
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Figure 4: (a) Schematic diagram of the HPWJ-PD system. (b) Bi-linear bit-rock interaction

law considering both loading and unloading processes. (c)

3.1.2 Dynamics of the System

Taking into account the nonlinear damping force f;(x, t) caused by the drilling fluid (see Sect.

3.1.3), the axial dynamics of the system is obtained as:

u?(x,t) 2 du?(xt)
at2 dx2

+ fi(x,t) =0, i=1,23.

The boundary conditions at x = 0 and x = L are given respectively by

ou(o,t) _
EA =22+ Fy =0,
ou(Lt) _ _ ou(L,t)
EAy = —=—Ca=%

(10)

(12)

10
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where F, is the bit-rock interaction force, see Sect. 3.1.4. The concentrated force at x; = L4,
representing the bit-hammer interaction, is expressed as

Ju du .
EA; P o EA, P et — Fysin(wgt),

Similarly, the concentrated force at x, = L, + L, exerted by the HPWJ intensifier to the rod is
given by

a2 vE =AY 4 ke t]
25, ymxs intl = 35, - u(xy, t],
The motion of the plunger is governed by the following ODE:
MU(t) + K[U(t) — u(xz, t] = Finy

where F;,,; is the nonlinear damping force introduced by the intensifier, which is discussed in
Sect. 3.1.5. The displacement continuity conditions need to be satisfied at x = x; and x = x,;
they are given by:

ulxy, t) = ulxf, t) = ulxy, t), (16)
ulxy,t) = ulxy,t) = u(xy, t), (17)

The system is initially at rest; hence the initial conditions are
u(0,8) = 0, 252 — o y(0) = 0, U(0) =0, (18)

at

1"
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3.1.3 Damping Force Models of the Drilling Fluid

In this section, two different models are introduced to describe the damping force f;(x,t)
caused by the drilling fluid. The simulation results with the two models are then compared to
evaluate their influences on the efficiency of energy harvesting.

To begin with, according to the Herschel-Bulkley model [1], the damping force f;(x, t) is given
by:

D; m
i 6) = (v + ko) sgm(@), 1=1,2,3,
where the index i is determined by:

2 x1<x<xyp, (20)

1 0<x<xq
{
3 x,<x<x3

and sgn(v)is the sign function:

1 v>0
sgn(v) ={0 v=20, (1)
-1 v<0

du(x
at

with v = Y denotes the rod velocity.

For the sake of simplicity, the drill bit, the hammer, and the drill string are all modeled as circular
hollow cylinders with D, D,, and D5 denoting their outer diameters, respectively. In (19) 7, €

[3,7] (Pa) is the Herschel-Bulkley yield stress; k; € [0, 5] (Pa.s™) is the fluid consistency index;
m € [0, 1] is the power-law exponent. In equation (19), 4; is the thickness of the mud layer:

_ Dy—D;

1=1,2,3, (22)

where D,, is the inner diameter of the wellbore.

In contrast, according to the Casson rheological model [1], the damping force f;(x,t) is
determined by:

12
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__nD; v v _ (23)
filx,t) _E<Tcy+‘uA_i+2 //ﬂ:cyA—)sgn(v), 1=1,2,3,

where 1, € [0,14] (Pa) is the Casson yield stress and u € [0,1] (Pa.s) is the Casson plastic
viscosity.

3.1.4 Bit-Rock Interaction
According to the experimental data in [2][3], the bit-rock interaction in PD can be described by
a bi-linear spring model illustrated in Figure 4(b).

k,8, §>0,6>0
Fy =k,6, + 7'k, (8 —8,) =0, §>0,8<0
0, §<0,

(24)

where F,, is the force interaction between the drill bit and rock; 6 is the penetration of the bit;
and m is the maximum penetration in the loading process. In the loading process (§ > 0, § >
0), the stiffness of the spring is k;,. In contrast, this stiffness changes to y'k;, in the unloading
process (6§ > 0, § < 0). When the penetration § < 0, the bit loses contact with the rock and the
interaction force is zero. It is noted that the penetration & can be determined by the
displacement at the left end the drill bit:

6 = —u(0,t).

3.1.5 Mechanism of the Intensifier

In (15), the nonlinear damping force f;,.(t) is caused by the fluid inside the intensifier, see
Figure 4(c).

fine (@) = p(t)A. (26)

where p(t) is the pressure of the fluid inside the HPWJ intensifier and A is the cross-sectional
area of the intensifier. Here the pressure of the fluid inside the HPWJ p(t) is assumed to be
that of the fluid at the plunger.

By ignoring the gravity and by viewing the fluid inside the HPWJ as an ideal fluid - a fluid that
is incompressible and has no viscosity, the fluid flow inside the HPWJ is governed by the
Bernoulli’s equation:

13
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2 27
p(t) + p\A;vp — pn + pwzvrzl, ( )

where p,, is the density of the fluid. p,, and v,, are the pressure and the velocity of the fluid at
the nozzle. v, is the relative velocity between the plunger and the cylinder of the HPWJ fixed
to the rod system:

oy =220y @
It is noted that the intensifying process occurs when v, > 0 .
At the nozzle, the flow rate of the fluid is determined through
(29)

Q= Anvn,

Where A, is the cross-sectional area of the outlet of the nozzle. For an incompressible fluid,
the same flow rate can also be calculated at the cross-section under the plunger:

Q= v, (30)
Substitute (29) and (30) into (31), we have:
A 2
pw|(r) —1|v3 (31)
p(t) —pn = —[(“nz | 2
Given that A >» A, (Ai > 1), (31) is simplified to
pul() 73 (32)

p(t) —Pn=

14
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According to [4], the pressure at the outlet of the nozzle is set to p,,, which results in

() v2 (33)
p(t) = %

For the case v, < 0, the pressure p(t) is artificially set to zero for the sake of simplicity. In
summary we have

AN? 5
. pw(A;) >0 (34)
0 v, <0

The term f;,,:(t) = p(t)A can be viewed as a nonlinear damper in (14) and (15). Moreover, the
pressure p(t)is also a key parameter evaluating whether or not the water jetted by the
intensifier can help break the rock. Similar to Sect. 2.1, we obtained a system of coupled PDE-
ODE with boundary conditions (11) - (14) and zero initial conditions (18), representing a closed
system to simulate the dynamics of the advanced HPWJ-PD system.

To reduce the number of parameters in the coupled PDE-ODE system, the model is
reformulated in a dimensionless form see Annex B. The reformulated coupled PDE-ODE
system was solved using a semi-discretization method, where the PDE is discretized into a
system of ODEs. The entire system of ODEs was numerically integrated in MATLAB using the
Runge-Kutta method.

3.2 Simulation Results

3.21 Comparison between Two Damping Coefficient Models

The values of dimensional parameters of the rod-intensifier system used in the simulation are
listed in Table 3, which serve as the benchmark values for parametric analysis. Figure 5
illustrates the movement of the plunger of the HPWJ intensifier predicted using the Herschel—
Bulkley model (7, =5 Pa, m = 0.5, and kf = 2.5 Pa.s™) and the Casson model (z.,,= 7 Pa and
u = 0.5 Pa.s). The transient responses of the plunger simulated by the two models agree well
with each other. Both of them are decreasing because of the damping effect of the fluid inside
the HPWJ, and their frequencies are both close to the natural frequency of the MSD. In
contrast, the steady state responses predicted by the two models are different. However, both
of them are one order of magnitude smaller than the transient responses. This is because the
frequency of the excitation is much higher than the natural frequency of the HPWJ intensifier.
In this case, the damping effect of the drilling mud is not a key factor that affects the amplitude
of the vibration of the HPWJ intensifier. The proposed statement is further convinced by a
parametric analysis. As shown in Figure 6(a-e), neither the selection of damping coefficient
models nor the parameters used in these models show a remarkable influence on the pressure
inside the HPWJ intensifier, In contrast, the pressure of the intensifier is significantly affected

15
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by the dimensionless parameter n, = wyt™ = wo\/g , see Figure 6(f), and the best performance

is achieved when 7, is close to 1. Physically, n, is the ratio between the frequency of the
harmonic excitation (f,) and the natural frequency of the intensifier (f;,):

_w 1 [k _ M f, (35)
fc—ﬁs fn—g Y% 7]0—0)0\/;—5

When and only when the frequency of the harmonic excitation is close to the natural frequency
of the intensifier, the intensifier is fully “excited” and the vibration energy of the drill string can
be efficiently harvested.

Parameter Values Unit Parameter Value Unit
K 25x10°  N/m M 7000 kg
A 0.0024 m? A, 3% 107 m?
Pw 1000 kg /m? P 8500 kg/m?
E 210 GPa THy (3, 7] Pa
ke [0, 5] Pa-s™ m [0, 1] -
TCy [0, 14] Pa L [0, 1] Pa-s
Fy 10000 N wo 407 rad/s
D 0.206 m 1D, 0 m
Do 0.206 m 1Dy 0 m
Dg 0.18 m I.Dg 0.06 m
D, 0.216 m Ly 10 m
Lo 10 m Ls 180 m
ky, 3 % 107 N/m ~ 4 -

Table 3: Benchmark values of dimensional parameters.

Herschel-Bulkley

Casson Model

U [m]

~
y

0 50 100 150 200 250 300 350 400 450 500 g
T
Figure 5: Displacement of the plunger as a function of scaled time =, simulated using the

Herschel-Bulkley model (ty, = 5 Pa, m = 0.5, and ky = 2.5 Pa.s™) and the Casson model
(tcy=7Pa and u = 0.5 Pa.s).

16
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Figure 6: The influence of several factors on the maximum pressure inside the HPWJ
intensifier: Herschel-Bulkley model parameters (a) 7, , (b) m, and (c) kr ; Casson model

parameters (d) 7, and (e) u; and the dimensionless parameter n,.

3.2.2 Influence of the Bit-Rock Interface

In this section the influences of the bit-rock interface parameters (8, and y') on the efficiency
of the intensifier are analysed. Broadly speaking, the maximum pressure increase p,, inside
the HPWJ intensifier decreases as the dimensionless parameter (3, increases, see Figure 7.
Here B, = k,L/E A, describes the ratio between the stiffness of the bit-rock interface and that
of the drill string. The highest pressure increase is obtained when S, = 0, because there is no
energy dissipation if the bit-rock interface is removed.

Meanwhile. the maximum pressure inside the intensifier also decreases when the parameter
y' increases, see Figure 8. This can be explained from the loading-unloading loop of the bi-
linear spring. As illustrated in Figure 9 the triangle formed by the loading process, the unloading
process, and the &-axis reflects the energy dissipation in one loop. The area of this triangle
increases when y' increases, therefore more energy are dissipated and the pressure inside
the intensifier decreases

Figure 7: The maximum pressure increase p,, as a function of B, (y' = 4).

17



ORCHYD D6.4 — Modelling of hammer drilling and vibrations response for use of intensifier downhole

.\(\% 1
& S
N/ @
N 4
S
Energy [
Dissipation y
!
)

Figure 9: Energy dissipation in the loading-unloading loop of the bi-linear spring.

3.3 Conclusions of the Section

An advanced non-linear model of the hybrid HPWJ-PD system was provided, where three key
improvements have been made over the linear model introduced in Sect. (2). First, the
Herschel-Bulkley and Casson models were used to describe the damping effect of the drilling
mud. Second, a bi-linear spring model was introduced to describe the bit-rock interaction in
the percussive drilling process. Finally, the mechanism of the HPWJ intensifier was analysed
using fluid dynamics (the Bernoulli’s equation), through which the pressure of the fluid inside
the intensifier can be estimated. By coupling a PDE governing the dynamics of the drill string
and an ODE governing the dynamics of the intensifier, a PDE-ODE model was established to
describe dynamics behavior of the HPWJ-PD system. Scaling analysis of the model was
carried out to identify the key influencing parameters, and a semi-discretization method was
adopted to solve the scaled model numerically. Parametric analysis shown that the key factor
affecting performance of the HPWJ intensifier is the ratio of the frequency of the harmonic
hammer excitation and the natural frequency of the intensifier, and the best performance is
achieved when this ratio is close to one. Moreover, the influences of dimensionless bit-rock
interface parameters 8, and y’ on maximum pressure increase p,, inside the intensifier were
analysed. Simulation results shown that the efficiency of energy harvesting decreases as £,
and y' increases.
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4 Conclusions

This report has described a linear and a nonlinear model of a hybrid High Pressure Water-
Jetting (HPWJ) and percussive drilling (PD) system. Both models treat the drill bit, the hammer,
and the drill string as a rod system and describe the HPWJ intensifier as a mass-spring-damper
(MSD) system. The linear model assumes a fixed boundary condition at the bit-rock interface,
a linear damping coefficient along the rod system, and a linear damper inside the MSD. In
contrast, the nonlinear model introduces a bi-linear bit-rock interface law, two different damping
effect models (the Herschel-Bulkley and Casson models), and a nonlinear damper model
obtained from the mechanism of the HPWJ intensifier. By coupling a PDE governing the
dynamics of the rod and an ODE governing the dynamics of the MSD, both linear and non-
linear models are described by a PDE-ODE system. Scaling analysis of the two models are
carried out to identify the key influencing parameters, and a semi-discretization method is
adopted to solve, in the time domain, the scaled models numerically. The linear model is also
analysed in the frequency domain using the Transfer Matrix Method, whose results are
consistent those simulated in the time domain and demonstrate the reliability of the semi-
discretization algorithm. A parametric analysis has identified the following two groups of
dimensionless parameters affecting the efficiency of energy harvesting.

e Dimensionless parameters associated with the structural design: (i) n, the ratio
between the frequency of the harmonic excitation and the natural frequency of the
intensifier (MSD) and (ii) 8 the ratio between the rod stiffness and the spring stiffness
in the MSD. The best performance is achieved when this ratio n, is close to one and
the efficiency of energy harvesting increases as f increases.

e Dimensionless parameters associated with the bit-rock interface: (i) B, the ratio
between the stiffness of the bit-rock interface and that of the rod and (ii) y’ the ratio
between the stiffness of the bit-rock interface in the loading process and that in the
unloading process. The efficiency of energy harvesting decreases as S, and y’
increase.
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Appendix A. HPWJ-PD linear model scaling

To reduce the number of parameters in the coupled PDE-ODE system, the model is
reformulated in a dimensionless form by introducing scales for length (L), time (t.), force (F.),
and displacement (U,). Here we choose

36
L*=L,t*=\/g' F =F, U, =25t (36)

where L, is the total length of the rod, t, is proportional to the period of free vibrations of the
spring-mass system, F, is amplitude of the force excitation, and U, is and the change of length
of the rod under the static load F,. With these scales, we can define the following dimensionless
variables.

=7, r=”%”. ﬂ®ﬂ=u%0, ﬁuwﬁﬁq
Fen =t py - PO
0=, 2

where u(¢, 1) and F (¢, 1)) are the displacement and force associated with the rod, respectively;

U(t) and P (1) are the displacement and force associated with the MSD system, respectively.
Hence, the set of coupled PDE-ODE can be reformulated in a dimensionless form as

0%u ou 0%u
ﬁ‘}‘(aa—lcza—fzzo (38)
U+QJU—§%%QYﬂE—ﬂQJﬂ=O (39)

cty

where k = . is the ratio of the wavelength over the total rod length, ¢, = k,t, is the
dimensionless viscous damping coefficient, and ¢,,, = C"Ajlt* is the dimensionless damping

coefficient of the damper of MSD system. The scaled boundary/interface conditions for the
rod-MSD system read
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u(0,7) =0, (40)
du aa‘ + sin(reD) ”
FY3 =a1o7 sin(me1),
Wleer By
du _Ou 1 — O [= 0, 1)
& e = aza—g - + m[U —u(& 1)) + 0 f U— = ], (42)
Ju __ %a Ou
0|, T o, (43)

A A . . . .
where a; = A—1 and a, = A—Z are the ratios of different rod cross sectional area, ny = wyt* is
2 3

the dimensionless excitation frequency, = % is the ratio between rod stiffness and spring
stiffness, {; = Q‘Tt is the dimensionless damping coefficient of the damper attached to the

rod. The scaled continuity and initial conditions are given by

u(éy,v) =ul&, ) =u(é,7) (44)
a(52_' T) = ﬁ(f;rt) = ﬂ(fz,f) (45)
T(ET) =0, aa(ai, D0 Twoy=o, T =0 (46)
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Appendix B. HPWJ-PD non-linear model scaling

In this section, scaling is conducted using the same scales described in Appendix A, and the
following additional dimensionless variables are introduced:

E(f,T)= U ) int — F. ’ Fb=

where f;(¢,7) is the scaled damping term along the rod system, Fj,, is the scaled damping
force of the intensifier and F, is the scaled cutting force.

Hence, the set of coupled PDE-ODE can be reformulated in a dimensionless form as

0%m 0%

— K2 _—+Ff = 48
aTZ K aé—z + f'l(ff T) 0: ( )
U+ [U = (2, D] = BFine. (49)
where k and 8 are numbers:
=2 . 50

In fact, k and B can be viewed as ratios of scales. To begin with, the time and length scales
associated with the MSD system (ODE) are

In contrast, the time and length scales associated with the rod system (PDE) are
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L F.L
- 7= .
c’ EA,

ti =

(52)

In this report, tI* and I] are selected as the “hybrid” time and length scales of the PDE-ODE
system, i.e., t, = t"and U, = l. From this perspective, k can be viewed as the ratio of the time
scale associated with the ODE system over that associated with the PDE system, and § is the
ratio of the ODE time scale t"* over that of the PDE length scale ] :

= g2l (53)

While using the Herschel-Bulkley model, the scaled damping term in (48) reads

0%*u ’u —
K2 4T - 54
aTZ K 652 + ﬁ(fl T) 0! ( )

fi(6, ) = [ty + Kpi™|sgn(@),  i= 1,2,3,

(55)
where i = %, and 7y; and ky; are dimensionless scalars
_ Dt Ty, _ nDt2 ™k
Tpi = W Kfi = m (56)
While using the Casson model, the scaled damping term becomes
fig = [T‘a + @i+ 2@\/5] sgn@,  i= 123, (57)

where 7., ft; and C are dimensionless scalars
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__ mDitlite, __ mDit.u
et = pAU. ' Hi= pAA;

The scaled damping force of the intensifier in (49) is

c [aﬁ(fz,t)

Fint = ot
0

The scaled boundary/interface conditions for the rod-MSD system read

- 2 U -~
—im] 2T >0

at
ou(,,t)
at

)

—U@) <0

_ p,APUZ

S - ——
24%F.t2

0u(0,7) —
3¢ +F, =0,
o o o)
— =a; — — sin(ny1),
¢ $=%1 ¢ §=¢f
du 1 F du N 1 [ﬁ a(E )]
EYa —lint = aZ Az ) —u 2 T)|,
Kleegy; ™ Kleogy @
om| ¢4 om
3 P aia,B ot 521'

In (61) the scaled bit-rock interaction force is determined by

(58)

(62)

(64)
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—B,u(0,6), u(0,t) <0, aﬁgg’t) <0

Fo=1p,5 5 3 (65)
Fp = BoSm — V' B [ﬁ(O, t) + 5m] =0, u(0,t) <0, a“a(g't) >0,

0, u(0,t)>0

with 8, = k,L/EA; denoting the ratio between the stiffness of the bit-rock interface and that
of the rod, and §,, denoting the maximum u(0,t) during the loading process. The scaled
continuity and initial conditions are given by:

u(éy,v) =ul&, ) =u(é,7) (66)
a(52_' T) = ﬁ(f;rt) = ﬂ(fz,f) (67)
T(ET) =0, aa(ai, Do Twoy=o, T =0 (68)

25



